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In this study, a gene expression programming (GEP) approach was employed to develop modiﬁed expressions for predicting the bearing
capacity of shallow foundations founded on granular material. The model was validated against the results of load tests on full-scale and model
footings obtained from the literature. Two models were developed employing different input variables in the GEP approach. The results achieved
using the proposed formulae were compared with those obtained from the Meyerhof and Vesic theories. Statistical analysis was used to
demonstrate that the GEP models yielded more accurate results than the traditional solutions.
& 2015 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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Shallow foundations are becoming increasingly viable alter-
natives to pile foundations for ﬁxed platforms, particularly in
the development of marginal ﬁelds. While procedures for pile
design evolved smoothly from onshore experience and theory,
the design of shallow foundation systems has been frequently
re-examined in light of the extreme conditions often present in
offshore environments (Barari and Ibsen, 2012). An example
of an alternative foundation solution is for offshore wind
energy schemes in deep water, as monopile structures have
started to become uneconomical, owing to the size of the piles0.1016/j.sandf.2015.04.015
5 The Japanese Geotechnical Society. Production and hosting by
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der responsibility of The Japanese Geotechnical Society.required for these structures (Barari and Ibsen, 2012; Ibsen
et al., 2014).
The design guidelines established by DNV (1992), and the
API (2000) for calculating the bearing capacity of shallow
foundations, are ultimately based on classical bearing capacity
equations for the failure of a vertically loaded strip foundation
on a uniform Tresca soil with correction factors for the
geometrical properties, load eccentricity, and embedment
(Barari and Ibsen, 2012). It is becoming increasingly well
known that, in many situations, the interaction of the loads
acting on a foundation is often more complex than that repre-
sented by the traditional bearing capacity theory (Randolph
and Gourvenec, 2011; Ibsen et al., 2014).
However, classical formulations are subject to restrictions
and assumptions, and they do not always provide reasonable
results when compared to the available experimental data. Due
to the uncertain nature of soils and the difﬁculties inherent inElsevier B.V. All rights reserved.
Nomenclature
γ effective unit weight of the soil (kN/m3)
D depth of the footing (m)
B width of the footing (or diameter of the circular
foundation) (m)
L/B ratio of the length to width of the footing
L length
C cohesion of the soil
ϕ friction angle
Nq;Nγ Meyerhof’s and Vesic’s bearing capacity factors
for surcharge and density
NC Meyerhof’s and Vesic’s bearing capacity factors
for cohesion
Fs Meyerhof’s shape factor
Fd Meyerhof’s depth factor
Sc Meyerhof’s footing shape factors for cohesion
dc Meyerhof’s footing depth factors for cohesion
Sq Vesic’s shape factor for surcharge
Kp Rankin passive pressure coefﬁcient
dγ Vesic’s depth factor for density
Sγ Vesic’s shape factor for density
dq Vesic’s depth factor for surcharge
Fig. 2. Variation in published values of Nγ with friction angle.
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trend toward the development of bearing capacity predic-
tion methods using non-traditional computing techniques to
improve accuracy. The great complexities encountered in geo-
technical engineering, such as slope stability, liquefaction, and
shallow foundation and pile capacity predictions, have moti-
vated researchers to employ powerful new optimization algo-
rithms and methods.
GEP is a promising new soft computing optimization tech-
nique that is being increasingly utilized for function generation
in geomechanical problems. The technique is capable of identi-
fying key variables and functions with a genetic approach
(Goldberg, 1989); it enables the development of models for
solving complex problems, such as strong ground motion, soil
deformation properties, and soil liquefaction (Gullu, 2012;
Kayadelen, 2011).
This paper presents a new GEP-based approach for predict-
ing the ultimate bearing capacity of shallow foundations on
cohesionless soil. A training and testing database, containing
the results of load tests on full-scale and model footings, was
used to develop and verify the GEP model. The performance
of these models was compared against two commonly used
bearing capacity theories.2. Background
Every foundation design must satisfy two major criteria:
ultimate bearing capacity and limited foundation settlementFig. 1. Variation in Nq with friction angle (Ibsen et al., 2012).(De Beer, 1965). The bearing capacity of soil may be deﬁned
as the maximum resistance to pressure applied through the
foundation to the soil without inducing shear failure in the soil.
Terzaghi (1943) was the ﬁrst to present a theory for
evaluating the ultimate bearing capacity of rough shallow
foundations. He expressed the ultimate bearing capacity of aFig. 3. GEP algorithm.
Table 1
GEP model training data.
qu (kPa) ϕ (1) γ (kN/m
3) L/B D (m) B (m) Source
270 34.9 9.85 2 0.3 0.6 Muhs et al. (1969)
200 37.7 10.2 2 0 0.6
570 37.7 10.2 2 0.3 0.6
860 44.8 10.85 2 0 0.6
1760 44.8 10.85 2 0.3 0.6
154 37.7 10.2 1 0 0.5 Weiß (1970)
165 37.7 10.2 1 0 0.5
203 37.7 10.2 2 0 0.5
195 37.7 10.2 2 0 0.5
214 37.7 10.2 3 0 0.5
186 37.7 10.2 3.85 0 0.52
681 37.7 10.2 1 0.3 0.5
542 37.7 10.2 2 0.3 0.5
530 37.7 10.2 2 0.3 0.5
402 37.7 10.2 3 0.3 0.5
413 37.7 10.2 3.85 0.3 0.52
111 37.0 11.7 1 0 0.5 Muhs and Weiß (1971)
132 37.0 11.7 1 0 0.5
143 37.0 11.7 2 0 0.5
137 37.0 11.7 1 0.013 0.5
109 37.0 11.7 4 0.029 0.5
187 37.0 11.7 4 0.127 0.5
406 37.0 11.7 1 0.3 0.5
446 37.0 11.7 1 0.3 0.5
322 37.0 11.7 4 0.3 0.5
565 37.0 11.7 2 0.5 0.5
425 37.0 11.7 4 0.5 0.5
782 44.0 12.41 1 0 0.5
797 44.0 12.41 4 0 0.5
1940 44.0 12.41 1 0.3 0.5
2266 44.0 12.41 1 0.3 0.5
2847 44.0 12.41 2 0.5 0.5
2033 44.0 12.41 4 0.5 0.5
1492 42.0 12.27 4 0.49 0.5
123 37.0 11.77 1 0 0.5
134 37.0 11.77 2 0 0.5
370 37.0 11.77 1 0.3 0.5
464 37.0 11.77 2 0.5 0.5
461 40.0 12 4 0 0.5
1140 40.0 12 4 0.5 0.5
710 39.0 11.97 3 0.2 1 Muhs and Weiß (1973)
630 40.0 11.93 3 0 1
1773.7 32.0 15.8 1 0.711 0.991 Briaud and Gibbens (1999)
1019.4 32.0 15.8 1 0.762 3.004
1158 32.0 15.8 1 0.762 2.489
1540 32.0 15.8 1 0.762 1.492
1161.2 32.0 15.8 1 0.889 3.016
58.5 34.0 15.7 5.95 0.029 0.0585 Gandhi (2003)
70.91 34.0 15.7 5.95 0.058 0.0585
82.5 37.0 16.1 5.95 0.029 0.0585
98.93 37.0 16.1 5.95 0.058 0.0585
121.5 39.5 16.5 5.95 0.029 0.0585
142.9 39.5 16.5 5.95 0.058 0.0585
157.5 41.5 16.8 5.95 0.029 0.0585
184.9 41.5 16.8 5.95 0.058 0.0585
180.5 42.5 17.1 5.95 0.029 0.0585
211 42.5 17.1 5.95 0.058 0.0585
74.7 34.0 15.7 6 0.047 0.094
91.5 34.0 15.7 6 0.094 0.094
104.8 37.0 16.1 6 0.047 0.094
127.5 37.0 16.1 6 0.094 0.094
155.8 39.5 16.5 6 0.047 0.094
185.6 39.5 16.5 6 0.094 0.094
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Table 1 (continued )
qu (kPa) ϕ (1) γ (kN/m
3) L/B D (m) B (m) Source
206.8 41.5 16.8 6 0.047 0.094
244.6 41.5 16.8 6 0.094 0.094
235.6 42.5 17.1 6 0.047 0.094
279.6 42.5 17.1 6 0.094 0.094
98.2 34.0 15.7 5.95 0.075 0.152
122.3 34.0 15.7 5.95 0.15 0.152
143.3 37.0 16.1 5.95 0.075 0.152
176.4 37.0 16.1 5.95 0.15 0.152
211.2 39.5 16.5 5.95 0.075 0.152
254.5 39.5 16.5 5.95 0.15 0.152
285.3 41.5 16.8 5.95 0.075 0.152
342.5 41.5 16.8 5.95 0.15 0.152
335.3 42.5 17.1 5.95 0.075 0.152
400.6 42.5 17.1 5.95 0.15 0.152
67.7 34.0 15.7 1 0.047 0.094
90.5 34.0 15.7 1 0.094 0.094
98.8 37.0 16.1 1 0.047 0.094
131.5 37.0 16.1 1 0.094 0.094
147.8 39.5 16.5 1 0.047 0.094
191.6 39.5 16.5 1 0.094 0.094
196.8 41.5 16.8 1 0.047 0.094
253.6 41.5 16.8 1 0.094 0.094
228.8 42.5 17.1 1 0.047 0.094
295.6 42.5 17.1 1 0.094 0.094
91.2 34.0 15.7 1 0.075 0.152
124.4 34.0 15.7 1 0.15 0.152
135.2 37.0 16.1 1 0.075 0.152
182.4 37.0 16.1 1 0.15 0.152
201.2 39.5 16.5 1 0.075 0.152
264.5 39.5 16.5 1 0.15 0.152
276.3 41.5 16.8 1 0.075 0.152
361.5 41.5 16.8 1 0.15 0.152
325.3 42.5 17.1 1 0.075 0.152
423.6 42.5 17.1 1 0.15 0.152
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qu ¼ cNcþqNqþ
1
2
γBNγ ð1Þ
A modiﬁed equation for the classical bearing capacity under
compression was later proposed by Meyerhof (1963) that
included various correction factors:
qu ¼ scdccNcþsqdqγDfNqþ0:5sγdγγBNγ ð2Þ
Prandtl (1920) presented an exact solution for bearing
capacity factor Nq:
Nq ¼ eπ tan ϕ tan 2ð45þðϕ=2ÞÞ ð3Þ
However, it has not yet been possible to determine the exact
value of bearing capacity factor Nγ . Fig. 1 addresses some of
the important attempts to perform this calculation (Ibsen et al.,
2012).
Meyerhof (1963), Vesic (1973), and Hansen (1961) for-
mulated the most widely used expressions for Nγ , described in
Eqs. (4)–(6):
Nγ ¼ Nq1
 
tan ð1:4ϕÞ ð4Þ
Nγ ¼ 2ðNqþ1Þ tan ϕ ð5ÞNγ ¼ 1:8ðNq1Þ tan ϕ ð6Þ
Fig. 2 depicts the lower-bound solution presented by
Lundgren and Mortensen (1953) and the upper-bound solution
of Meyerhof (1951). The lower-bound results are remarkably
consistent with those of Martin (2004) and the relation in the
Danish Code of Practice (1998):
Nγ ¼
1
4
ððNq1Þ cosϕ0Þ
3
2 ð7Þ
The bearing capacity theory should be modiﬁed to incorpo-
rate the effect of embedment and geometry by employing the
depth and shape factors initially proposed by Meyerhof (1963)
based on the method of stress characteristics (MOC):
Sγ ¼ Sq ¼
1þ0:2KP BL ; ϕ410
1; ϕ¼ 0
(
dγ ¼ dq ¼
1þ0:1 ﬃﬃﬃﬃﬃﬃKpp DB ; ϕ410
1; ϕ¼ 0
(
ð8Þ
Vesic (1973) incorporated the shape and the depth factors to
develop the new expressions in Eq. (9):
Sq ¼ 1þ1þ tan ϕ BL
Table 2
Additional data set used for GEP model testing.
qu (kPa) ϕ (1) γ (kN/m
3) L/B D (m) B (m) Source
133 42.8 17.2 1 0 0.08 Weiß (1970)
246 42.8 17.2 1 0 0.15
109 42.8 17.2 1 0 0.05 Muhs and Weiß (1971)
130 42.8 17.1 1 0 0.08
152 42.8 17.1 1 0 0.1
214 42.8 17.1 1 0 0.15
266 42.8 17.1 1 0 0.2
333 42.8 17.1 1 0 0.25
404 42.8 17.1 1 0 0.3
52 42 15.89 1 0 0.03 Muhs and Weiß (1973)
92 42 15.89 1 0 0.04
95 42 15.89 1 0 0.05
14 32 13.2 1 0 0.06 Briaud and Gibbens (1999)
72 42 14.8 1 0 0.06
106 42 15.4 1 0 0.06
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B
L
dq ¼ 1þ2 tan ϕð1 sin ϕÞ2K Where
K ¼ DB for
D
B r1
K ¼ arctan DB
 
for DB 41
ðK in radiansÞ
8><
>:
dγ ¼ 1:0 for every ϕ ð9ÞTable 4
Parameter settings for GEP algorithm in GEP-Vesic model.
Value Parameter deﬁnition
100 Number of chromosomes
10 Head size
3 Number of genes
0.01 Mutation rate
0.1 Inversion rate
þ ,  ,  , /, x2, x3, x4, x5 Function set
Addition Linking function
Table 3
Parameter settings for GEP algorithm in GEP-Meyerhof model.
Value Parameter deﬁnition
100 Number of chromosomes
10 Head size
4 Number of genes
0.01 Mutation rate
0.1 Inversion rate
þ ,  ,  , /, x2, x3, Sin, Cos, Tan Function set
Addition Linking function3. Brief review of genetic programming
Gene expression programming (GEP) was ﬁrst proposed by
Ferreira (2001); it is an algorithm based on genetic algorithms
(GA) and genetic programming (GP). GEP is an extension of
GP with several features similar to biological evolution, in
which computer programs of various sizes and shapes are
encoded in linear chromosomes of ﬁxed lengths. The chromo-
somes contain multiple genes encoding smaller sub-programs
(Saridemir, 2010). The primary objective of GEP is to develop
mathematical expressions to ﬁt a data set included in the
GEP model.
Most of the genetic operators used in GAs can also be
implemented in GEP with minor changes. The ﬁrst and main
advantage of the GEP approach is that the creation of genetic
diversity is extremely simpliﬁed since the genetic operators
work at the chromosome level. The second advantage is its
multigenic nature, which allows for the evolution of more
complex programs composed of several sub-programs (Cabalar
and Cevik, 2011).
GEP programming requires ﬁve parameters, including a
function set, a terminal set, a ﬁtness function, control
parameters, and a stop condition. Fig. 3 illustrates the primary
GEP process. The ﬁrst step consists of encoding the problem,
in which the ﬁtness function is speciﬁed and the initial
population of chromosomes is randomly created. Each chro-
mosome is then converted into an expression tree correspond-
ing to a mathematical equation, followed by a comparisonwith actual values and a computation of the ﬁtness score.
If the ﬁtness score indicates an unsatisfactory performance,
the program is modiﬁed by randomly mutating some of the
chromosomes (Taskiran, 2010).4. Genetic programming approach
4.1. The dataset
The datasets used to develop the GEP model in this paper
were obtained from previously published experimental studies
(Muhs et al., 1969; Weiß, 1970; Muhs and Weiß, 1971, 1973;
Briaud and Gibbens, 1999; Gandhi, 2003) (Table 1). The data
used for calibrating and validating the model included load
tests on full-scale models to determine the uniaxial limit states.
In this study, the data were divided into two subsets; 97 and
15 data sets were employed for the training process and the
testing of the derived model, respectively. The training dataset
comprises a range of footing geometries and soil density
proﬁles. To enhance the performance of the model, 47 of the
datasets were from load tests on large-scale footings and 50
were from smaller model footings. The friction angle was
determined by either direct shear or triaxial testing, and the
footing load tests were performed using a number of sand
types and densities. The testing dataset is presented in Table 2
and includes the results from tests on square footings (Golder,
1941; Eastwood, 1951; Subrahmanyam, 1967; Cerato, 2005).4.2. GEP model development
In GEP, the values for the setting parameters have a
signiﬁcant inﬂuence on the ﬁtness of the output model. These
Table 5
Experimental and theoretical results for ultimate bearing capacity.
GEP-Vesic model (kPa) GEP-Meyerhof model (kPa) Vesic (kPa) Meyerhof (kPa) q (kPa)
294.91 164.05 259.57 265.96 270.00
205.71 261.07 181.75 223.90 200.00
478.68 495.75 404.56 438.16 570.00
921.37 1032.21 680.93 1054.58 860.00
1817.22 1843.67 1372.56 1795.12 1760.00
157.72 212.40 113.60 218.63 154.00
157.72 212.40 113.60 218.63 165.00
180.90 212.40 151.46 186.58 203.00
180.90 212.40 151.46 186.58 195.00
210.67 212.40 164.08 175.89 214.00
244.55 221.96 176.44 178.03 186.00
666.88 606.17 404.45 473.85 681.00
450.16 447.63 378.92 404.39 542.00
450.16 447.63 378.92 404.39 530.00
406.57 403.81 370.41 381.23 402.00
413.59 395.37 372.51 377.10 413.00
135.04 201.41 116.17 218.50 111.00
135.04 201.41 116.17 218.50 132.00
155.82 201.41 154.89 187.16 143.00
136.25 201.87 127.69 228.84 137.00
214.14 202.61 191.80 189.70 109.00
244.59 227.21 254.64 253.99 187.00
595.21 539.95 418.21 481.47 406.00
595.21 539.95 418.21 481.47 446.00
357.15 345.22 378.95 377.88 322.00
811.67 544.14 583.18 586.77 565.00
580.83 386.75 543.93 537.64 425.00
622.48 770.55 418.16 1019.92 782.00
871.52 770.55 627.24 746.90 797.00
2046.25 2063.99 1353.18 1925.99 1940.00
2046.25 2063.99 1353.18 1925.99 2266.00
2720.72 2731.96 1809.54 2164.67 2847.00
2053.85 2089.45 1675.40 1929.56 2033.00
1376.27 1416.72 1179.74 1292.44 1492.00
135.04 202.63 116.86 219.81 123.00
155.82 202.63 155.82 188.28 134.00
595.21 541.16 420.72 484.35 370.00
811.67 545.35 586.66 590.28 464.00
385.43 355.84 295.41 313.39 461.00
977.84 1050.16 861.16 902.15 1140.00
608.85 685.32 656.18 712.93 710.00
578.05 754.30 565.62 644.54 630.00
1405.26 1777.76 648.81 647.87 1773.70
808.42 1033.00 915.39 1111.20 1019.40
1255.39 1219.52 848.20 995.95 1158.00
1585.04 1457.16 731.03 779.69 1540.00
1315.55 1391.45 1003.97 1186.92 1161.20
36.23 50.86 34.45 32.09 58.50
37.99 53.32 55.19 51.68 70.91
73.29 60.26 54.33 52.97 82.50
76.01 63.94 84.93 83.41 98.93
124.17 121.06 81.38 82.88 121.50
128.19 126.62 124.62 128.08 142.90
186.77 164.23 114.07 120.88 157.50
192.38 171.81 171.81 183.96 184.90
228.86 192.05 137.05 148.44 180.50
235.53 200.98 204.72 224.16 211.00
46.31 55.95 55.61 51.79 74.70
50.90 62.41 89.28 83.58 91.50
91.22 67.94 87.67 85.46 104.80
98.30 77.59 137.33 134.85 127.50
153.03 132.58 131.30 133.68 155.80
163.51 147.14 201.45 207.02 185.60
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Table 5 (continued )
GEP-Vesic model (kPa) GEP-Meyerhof model (kPa) Vesic (kPa) Meyerhof (kPa) q (kPa)
229.24 180.51 184.01 194.92 206.80
243.87 200.38 277.67 297.29 244.60
280.56 211.76 221.05 239.33 235.60
297.97 235.15 330.82 362.20 279.60
63.54 69.07 89.29 83.16 98.20
75.31 85.59 142.86 133.76 122.30
121.67 87.74 140.82 137.28 143.30
139.84 112.27 219.86 215.93 176.40
201.89 162.28 210.97 214.84 211.20
228.79 199.45 322.66 331.61 254.50
301.02 222.47 295.74 313.37 285.30
338.56 273.20 444.90 476.36 342.50
367.86 262.59 355.33 384.84 335.30
412.54 322.32 530.16 580.46 400.60
37.47 58.93 59.32 66.21 67.70
59.92 74.47 110.00 106.84 90.50
74.47 73.11 93.81 112.30 98.80
108.00 98.45 171.17 177.22 131.50
125.93 140.99 140.74 180.27 147.80
174.56 180.98 253.26 279.17 191.60
189.94 193.16 197.44 268.89 196.80
257.02 251.22 351.28 410.11 253.60
233.31 227.40 237.28 334.18 228.80
312.74 297.95 419.76 505.74 295.60
54.55 76.65 94.95 106.26 91.20
111.70 116.24 175.52 170.92 124.40
102.38 100.89 150.19 180.32 135.20
187.76 165.32 273.21 283.61 182.40
169.23 183.67 225.38 289.54 201.20
293.07 285.49 404.35 446.92 264.50
252.77 254.65 316.24 432.02 276.30
423.60 402.50 560.99 656.72 361.50
309.54 302.37 380.10 537.00 325.30
511.83 482.03 670.43 809.96 423.60
Table 6
Performance statistics for all models.
GEP-Vesic
model
GEP-Meyerhof
model
Vesic Meyerhof Statistical
parameter
0.971 0.984 0.893 0.883 R2
90.216 66.758 236.355 188.261 RMSE
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gene’s head, the set of functions, the linking function, and the
rate of genetic operators. In this study, the trial and error
approach is used to determine the values of the setting
parameters. This approach involved different frameworks and
the runs were conducted in steps. After ﬁnding the optimum
values of the setting parameters, the GEP model was deter-
mined by conducting simulations using the optimum setting
parameters. The outputs were presumed to be chromosomes (i.
e., models) which present potential solutions to the problem.
The best model was determined by monitoring these solutions
through selection criteria (high R2, low RMSE, and minimum
TSx) which are discussed later.
The next stage was to develop a model that is chosen from
the former procedure. The model that satisﬁed selection criteria
was further developed with the optimization and simpliﬁcation
procedures, which are available in the program.
In order to obtain optimum GEP models, the loading test
data were initially analyzed with respect to the qu, Φ, γ, L/B, D
and B. After carrying out a least-squares regression of all the
test results, the predicted ultimate capacities were found not to
satisfy the design requirements. To resolve this uncertainty,
more data had to be deﬁned that explore the static capacity in
the regime of different foundation shapes and embedment.In what follows, two GEP models (the GEP-Meyerhof
model and the GEP-Vesic model) were developed. The
GEP-Meyerhof model contains eight input parameters:
qu ¼ f B;D; L=B; γ;Nq;Nγ ;Fs;Fd
  ð10Þ
Table 3 describes the parameters used for the GEP-Meyerhof
model. The parameter selection affects the model generalization
capability of GEP. Several trials were conducted to obtain a GEP
parameterization providing sufﬁcient robustness and generality to
solve the problem. In this study, basic arithmetic operators and
mathematical functions were utilized to derive the optimum GEP
model. A mean absolute error function was used to calculate the
overall ﬁtness of the evolved programs. The program operation
was continued until there was no longer any signiﬁcant improve-
ment in the performance of the models.
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bearing capacity of shallow foundations on granular soil (qult),
taking into account the physical properties of the soil and
foundation, is:
qu ¼ 3:047149 Nq  DþB
  9:230316 D FS2 
þγþ sin sin ðBÞð Þ½ 2  γ  Nγ
 þ γ2Nγ   
þFd  tan tan tan ðD FsÞð Þ3
  þNγþ
9:230316 tan tan cos Dð ÞNγ
    ð11Þ
The GEP-Vesic model employed ten input parameters:
qu ¼ f ðB;D; L=B; γ;Nγ;Nq; Sq; Sγ ; dq; dγÞ ð12Þ
These parameters were used in the GEP-Vesic model as well
as a modiﬁed expression of the model for use in determining
the ultimate bearing capacity of shallow foundations. The
parameters are described in Table 4 and Eq. (13).
qu ¼ Sq2þD
  B LB  Nγ8:1403 þ
D 8:1178 dγ
 2h i D Nγþ9:9964
 
L=B
 
þNγ9:0498 B4  dq419:8444 ð13Þ
where L/B is assumed to be between 0.5 and 6 for granular
materials.Fig. 4. Comparison of experimental results and predicted ultimate bearing capacity v5. Results and discussion
GEP-based adaptive solutions for determining the ultimate
states of shallow foundations on granular soil (qu) have the
potential for a signiﬁcantly improved performance over tradi-
tional foundation engineering methods. The capacity values
derived from the experimental measurements, the traditional
calculations, and the GEP-based methods are presented in
Table 5. In order to quantitatively assess the predictive abilities
of the GEP models, the results obtained from the three
approaches were statistically analyzed based on the squared
correlation coefﬁcient (R2) and the root mean square error
(RMSE), deﬁned in Eqs. (14) and (15):
R2 ¼ n
P
tioi
P
ti
P
oi
 2
n
P
t2i 
P
ti
 2	 

n
P
o2i 
P
oi
 2	 
 ð14Þ
RMSE ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
n
Xn
i¼1
ðtioiÞ2
s
ð15Þ
Parameters ti and oi are the measured and the computed
ultimate bearing capacity values, respectively, corresponding
to the n patterns. The values of the performance indices for the
bearing capacity theories and the GEP models are summarized
in Table 6. The linear correlation between the actual and the
predicted bearing capacities is plotted in Fig. 4 with the
corresponding values for R2. The GEP model with high R2alues: (a) Meyerhof; (b) Vesic; (c) GEP-Meyerhof model; (d) GEP-Vesic model.
A. Tahmasebi poor et al. / Soils and Foundations 55 (2015) 650–659658and low RMSE values predicts the target values with an
acceptable degree of accuracy.
The values for R2 and RMSE were 0.984 and 66.758,
respectively, for the results obtained using the GEP-Meyerhof
model and 0.971 and 90.216, respectively, for the results
obtained using the GEP-Vesic model. The proposed models
were consistently more accurate than the traditional Meyerhof
and Vesic models, and the GEP results were in good agree-
ment with the experimental trials.
Both R2 and RMSE are global statistics; they do not provide
any information on the distribution of errors. To test the
effectiveness of the models, the threshold statistic was also
calculated. The threshold statistic (TS), or cumulative fre-
quency, not only provides a measure of performance in terms
of predicting the ultimate bearing capacity, but also the in
terms of the distribution of prediction errors.
For a given level of x%, threshold statistic TSx is a measure
of the consistency of forecasting errors in a particular model.
This criterion may be expressed for various levels of relative
error. It is computed for the x% threshold level using:
TSχ ¼
qχ
n
 100 ð16Þ
in which qχ is the number of computed bearing capacities
(out of a total of n computed) for which the absolute relative
error is less than x% from the model.
The absolute relative error can be calculated from the
expression below:
RE¼
 qaqc
qa
 100 ð17Þ
where qa and qc are the actual and the computed bearing
capacity values, respectively.
The distribution of errors is presented in Fig. 5 and clearly
demonstrates the superior performance of the GEP model. For
example, the GEP-Vesic model predicted 80.41% of the
validation data with less than 25% relative error, while the
corresponding value for the GEP-Meyerhof model was
73.19%. In contrast, the threshold statistic values with less
than 25% error for the original Vesic and Meyerhof methods
were 62.88% and 55.67%, respectively. The foregoing discus-
sions clearly indicate that the GEP-based models perform
better than the original Vesic and Meyerhof models in predict-
ing the ultimate bearing capacity of shallow foundations, andFig. 5. Distribution of prediction errors across error thresholds for all models.that the performance of the GEP-Vesic model was superior to
that of the GEP-Meyerhof model.6. Summary and conclusions
The problem of the bearing capacity of shallow foundations on
granular soil has been studied for many years, but an accurate
method to assess the load–displacement behavior of the shallow
foundations that can fully address the wide range of soil relative
densities, effective stress conditions, and foundation shapes for
practical applications has remained elusive. This note has described
the use of gene expression programming to develop adaptive
solutions for determining the bearing capacity of shallow founda-
tions on granular soil in order to reduce the costs and risks
associated with the design of support structures.
The new expressions have exhibited the least root mean
square error and the highest coefﬁcient of correlation, and have
provided satisfactory solutions compared to the traditional
methods based on the Meyerhof and Vesic formulas.
Although the functional expressions evolved from GEP are
quite complex, the successful application of this method offers
signiﬁcant advantages over traditional solutions. In addition,
the technique is simpler to use than sophisticated numerical
methods that require complex constitutive models, involving a
large number of parameters that cannot be easily quantiﬁed
and may not accurately reproduce the complex soil behavior,
and that require time-consuming and expensive data prepara-
tion and computation.References
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